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Abstract

Integral-algebraic equations (IAEs) of index-3 are known as high index IAEs. Similar to
differential-algebraic equations (DAEs), the index of a IAE is a measure of its complexity, with
higher indices indicating more challenging systems (a measure of the system’s complexity and
numerical challenges). In this paper, we apply multi-step collocation method to solve IAEs of
index-3. We combine the ideas of multi-step methods and collocation methods where the solu-
tion is approximated by matching conditions at specific points. Convergence analysis is stud-
ied and it examines whether and how quickly a sequence of approximations generated by the
multi-step collocation method approaches the desired solution. Next, for comparison, we use a
one-step collocation technique to numerically solve the equation, showcasing the effectiveness
and precision of the multi-step collocation approach.
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1 Introduction

Differential-algebraic equations (DAEs) [3] are systems that combine differential equations
with algebraic constraints. The index of a DAE is a measure of its complexity, with higher indices
indicating more challenging systems. The most general form of a differential-algebraic equations
[20] is:

F(t,y,y')=0, (1)
where ¢ € Ris the independent variable, y(t) € R? is the vector of unknown state variables, and y’

is its derivative. System (1) is said to be a system of differential-algebraic equations if the Jacobian
9F is singular for all values of its arguments. The general semi-linear version of the DAE (1) is

dy’
given by

E(t)y’ +b(t,y) =0, (2)
where E(?) is continuous and singular matrix. The semi-explicit form of the linear DAE

E(t)y’ +K(t)y = a(t), (3)

where E(t) = diag (14,,04,), I,, is d1 x d; identity matrix and d; + d2 = d.

The differentiation index of a DAE [15] is the minimum number of times that all or part of the
system must be differentiated with respect to the independent variable ¢ in order to transform the
DAE into an explicit system of ordinary differential equations (ODEs), known as the underlying
ODE. The semi-explicit index-3 DAE system [16] has the form:

= F(t,z,y,u), (4)
y/ = G(ta x,y), (5)
0=H(ty), (6)

where H,G,F, has a bounded inverse. The system is index-3 because three differentiations of
the constraint (6) are required to transform it into an ODE system. Also, for index-3 DAEs the
algebraic constraints directly affect the highest derivatives, typically more stiff than lower-index
DAEs and numerical solutions [ 10] may drift from the constraint manifold. These kind of systems
arise in multi-body dynamics with holonomic constraints, mechanical systems with position-level
constraints and electrical networks with topological constraints. In [1], reproducing kernel algo-
rithm was studied for handling DAEs and in [2], RKHS method was considered to investigate the
numerical solution of integro-differential algebraic systems.

Integral-algebraic equations (IAEs) combine second kind integral equations with first kind
integral equations. The index of an IAE system indicates how many times the equations must be
differentiated to transform them into a system of integral equations of the second kind. Here, we
consider the semi-explicit index-3 IAEs in the following form:

(@) = fi(@) + /O " Hu (e, y)un (y)dy + /O " Hus (o, y)us(y)dy

+ ; Hys(x,y)us(y)dy,
\ , %
ws(2) = fala) + /0 Hon (2, y)un (y)dy + /0 Ha (2, y)us (y)dy,

0= f3(z)+ /09” Hso(x, y)ua(y)dy, zeJ=10,X],
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where f;, H;;(i,j = 1,2,3) are the given functions. Based on differential index, the index is a
measure of how far an IAE system is from being a system of second kind Volterra integral equa-
tions (VIEs). Intuitively, it tells you how many times you need to differentiate the entire system
to convert it into a system of second kind VIEs.

1. Index-0: Already a system of second kind VIEs.

2. Index-1: Requires one differentiation. Numerical methods are generally stable and well-
behaved.

3. Higher Index (2, 3,...): Requires multiple differentiations. This is where severe numerical
difficulties arise.

Due to significant mathematical and computational challenges, the majority of research on the
numerical analysis of IAEs has historically focused on problems with an index of three or less, a
category that encompasses many foundational applications like constrained mechanical systems.

DAEs and IAEs provide a framework for formulating various applied mathematics challenges,
including inverse Stefan problems [11], identification of memory kernels [19], heat-transfer [25],
rigid-body dynamics [9], network analysis [12] and control systems [5]. In reference [23], the
researcher investigated approximate solutions for IAEs (7) using one-step collocation techniques.
Global convergence analysis was investigated and optimal order of convergence was obtained.
In [24], the authors examined unique solution for IAE systems considering a novel index defi-
nition and employed piecewise continuous collocation methods for numerical resolution. Block
pulse functions have been studied to find numerical solution of IAEs in [4]. In [6], the authors
investigated sufficient conditions for the existence and uniqueness of solution to systems of two-
dimensional IAEs. Based on Adams’s quadrature and extrapolation formulas, construction of the
numerical methods for the class of linear IAEs has been studied in [7]. The tractability index for
linear IAE systems has been defined in [21] considering the ill-posed nature of first-kind VIEs.
A new definition based on the left index was defined for IAEs of the Hessenberg type in [24].
Convergence analysis of the multistep collocation method was investigated for IAEs of index-1
in [27]. Convergence of one-step methods for Volterra integral equations of the second kind was
investigated in [14]. In [26] the authors studied multi-step collocation approximations to solu-
tions of first-kind Volterra integral equations. Direct multi-step method has been proposed in
[18] to solve retarded and neutral delay differential equations. Also, in [17], the implicit multi-
step method was formulated to solve the initial-value problems of neutral delay Volterra integro
differential equations.

Multi-step methods use information from several previous steps to compute the next value.
They are efficient but can be complex to derive for high orders. On the other hand, collocation
methods find a polynomial that satisfies the integral equation exactly at a set of collocation points
within a single step. A polynomial multi-step collocation method takes a multi-step view by con-
sidering a time interval that spans several steps, but then uses the collocation principle to de-
termine the solution across that entire interval. Polynomial multi-step collocation methods are
advanced numerical methods for solving Volterra integral equations. These methods combine
ideas from collocation and multi-step methods to achieve higher-order accuracy.

The paper is organized as follows:
Section 2 examines the existence and uniqueness conditions for solutions of index-3 IAEs and
introduces a polynomial multi-step collocation method aimed at discretizing (7), utilizing widely
recognized interpolation polynomials. Subsequently, in Section 3, we develop and analyze the
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convergence of numerical solutions. This is succeeded by the examination of three test problems
in Section 4 to validate theoretical findings.

2 Approximation

2.1 Unique solution of index-3 IAEs

The well-posedness of the index-3 IAEs (7) ensuring a solution exists and is unique, depends
on the solutions of index-2 IAEs can be studied by the following Theorem:

Theorem 2.1. Let m > 0 and
1. Hy € C™YO) for1=1,2,3and O = {(z,y) : 0 <y <2 < X},
2. Hy € C™T2(0) forl = 1,2,
3. H3y € C™3(0) and |Hso (2, ) Hoy (2, x) Hy3(x, x))| > ho > 0,V € J,
4. f1 € C™FI()), fo € C™F2(T), f3€ C™F3(J)and f3(0) =0,

then the system of IAEs (7) admits a unique solution uq, ug, us € C™(J).

Proof. By differentiating the third equation of (7) with respect to = and replacing us using the
second equation, we obtain index-2 IAEs as defined in [13]

wr(z) = fule) + /0 " Hu (e, ) () dy + /0 " Hyale, y)us(y)dy

+ ; Hys(x,y)us(y)dy,
\ , (8)
ws(2) = fala) + /0 Hon (2, y)un (y)dy + /0 Ho () us (y)dy,

x x

0= fs(x)+ [ Hsa(z,z)Ho(z,y)ui(y)dy + [ Hsa(z,y)uz(y)dy,
0 0

where f3(z) = f4(x) + Haa(z, z) f2(x), Haz(z,y) = Haa(w, ) Haa(w,y) + M%fy)
Under suitable regularity conditions, this problem becomes equivalent to index-2 IAEs, en-

abling us to establish the unique solution. The proof is concluded by application of Theorem 4.2
from [22]. O

2.2 Multi-step collocation method

To develop a multi-step collocation scheme for equation (7), we begin by assuming the follow-
ing framework:

Jp:={x,=nh, n=0,1,....N (zy =X,h=X/N, N >0)}.
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Phii{znvi:l’n+$ih10<51<"'<5m§1(OSnSN71)}7

such that {z,, ;} and {s; } represent collocation points and parameters, respectively. On each subin-
terval €, = [y, Tp41], fort € [0,1],n > r — 1, the r + 1-step collocation solution (by introducing

in the collocation polynomial the dependence on r previous time steps ) is expressed as:

r—1 m
wi (T +th) = Qi urn—i+ > W) Wik, 9)
i=0 k=1
r—1 mo
wa(wn +th) =Y Qi(O)uzn—i+ Y U(t)Wann, (10)
i=0 k=1
r—1 mo
wg(.%‘n + th) = Qi(t)ug,n,i + Z Qk(t)Wg,m)k, (11)
i=0 k=1
where
Wingk = wi(Tnkr), Utn—i:=wi(Tnq),
Womk = w2 (Tn k), Uzn—i:=w2(Tn_;),
Wank = w3(Tnk), u3n—i:=ws(Tn_i),
and
m r—1 .
t—s; t+7
a=(I]—2) II —=) (12)
(jl —1 — sj> (j_o,j# —1 —I—j)
r—1 . m
— t+1 t—s;
Qr(t) = . 1
#(t) (il:!)sk—i_i)(i_g;éksk_si) (13)
We can get to the starting values uy 1, -+, u1 -1, u2,1, - , U2 ,—1and us 1, -+ ,us—1 by a classical
one step method. For = 0 from (8), we have
ur0 = ur(zo) = u1(0) = f1(0), uz,0 = u2(xo) = u2(0) = f2(0),
and also by differentiating with respect to z in the third equation of (8), we get
_ ¥ OHso(xw, x)Ho (2,
0= fi(z) + Hsa(x,2)Ho1(z, x)us (z) + / aal 8)32 21(,9) 1
0
(14)

o 8H32<x7 y)

+H32(:c,af)u2(x)+/ Tug(y)dy.

0

Now, inserting w1, up from the first and second equations (8) in (14) and then by differentiating
we get to ug,o = uz(xo) = u3(0). The approximations w1, we, w3 must satisfy the following system
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of collocation equations:

978

w1 (Zns) = fi(@n:) + Hiy(zp,,y)wr (y)dy + Hip(zp,i,y)wa(y)dy
0 T 0
+ HlS(xn,ia y)w?)(y)dy)
0
Tn,i T4 (15)
wWa(Tn) = fo(@ny) + Hoy (2n,6, y)wi (y)dy + Hoo (20,5, y)w2(y)dy,
0 0

0= f3(n,) +/ ’ H3o(2n,i,y)wa2(y)dy.
0

By substituting equations (9)-(11) into (15), we obtain the following linear system for the
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unknowns {W, ,;}3_,n=r—1,--- N—1,i=1,---.,m
r—2 1
Wl,n,i = fl (xn,z) + h Z/ <Hll(xn,i, IZTP —+ th)w1 (l’p -+ th)
0
p=0

+H12(’Jjnﬂ', Tp + th)U}Q (l'p + th) + HlB(In,ia Tp + th)wg({ﬁp + th))dt

n—1 1 r—1 m
+h Y / Hll(xn,hmp+th)(2m(t)u1,p,l+ZQk(t)WLp,k)dt
0 1=0 k=1

p=r—1
n—1 1 r—1 m

+h Y / Hu(xwxp+th)(zgl(t)u2,p,l+ng(t)w2,p,k)dt
p=r—170 1=0 k=1

n—1 1 r—1 m
+h 3 / Hig(@n iy + th) (D0 Qs i+ 2ult)Wa )t
0 1=0 k=1

p=r—1

S r—1 m -
+h / Hiy(@nisn + h) (32 (0unnt + Y ()W )t
0 1=0 k=1

S;i r—1 m -
+h/ Hiy(xpi, v + th) ( Z O (t)ug,pn—y + Z Qk(t)WQ,n,k>dt
0 1=0 k=1

Si r—1 m ~
[ Hia(on s+ th) (3 QO + 3 O OWane ),
0 1=0 k=1

r—2 1
Wg,r,m = f2(xn,i) + h Z/ (Hgl(xn,,‘, Tp + th)w1 ($p + th) (16)
p=0"0
+Hao(Tn i, p + th)wa(z), + th))dt

n—1 1 r—1 m
+h Y / Hm(xn,i,xp+th)(ZQl(t)uLp_l+ZQk(t)WLp7k)dt
0 1=0 k=1

p=r—1
n—1 1 r—1 m

+h S / ng(zn,i,xp+th)(ZQl(t)u2,p_l+ZQk(t)W27p7k)dt
p=r—170 1=0 k=1

Si r—1 m B
+h/ Hgl(itnﬂ;, Tn + th) ( Z Ql(t)ulm_l + Z Q. (t)Wlm,k)dt
0 1=0 k=1

Si r—1 m B
th [ Haa(onsszn+ ) (3 Oz + 3 OuOWans )t
0 1=0 k=1

r—2 1
0= fa(wni)+hy / Hso (2.4, Ty + th)wa(z, + th)dt
p=0"0

n—1 1 r—1 m
+h Z / Hso (‘Tn’zy Ty + th) ( Z Ql(t)UQ,pfl + Z Qk (t)W2,p,k)dt
0 1=0 k=1

p=r—1

En r—1 m o
+h / Hss ((,Cn’i, Ty + th) ( Z O (t)UQ’n,l + Z Qp (t)WQ’n’k;) dt.
0 1=0 k=1

Now, we consider (16) in matrix notation as:
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n—1 r—2
AW, =F,+ Y BW,+ Z CU, +h» V,, (17)
p=r—1 p=r—1 p=0

where

Wln Fln Ulp

Wn = W2n 5 Fn = F2n 3 Up = U2p )

Win I3, U3P

and "
ViTP 4+ VP + VigP
V, = Vor? + V227p )

such that for I = 1,2,3, Wi, = Wint, -, Winm)" 5 Fin = (fi(@n), -, fi(znm))’ and Uy, =
(ul’pfr+1, Ul p—r+2y -+ - ,ulm)T . Also

L —hC&SY —nelh? —ho?)

A=| —no@EY 1 o2 0 :
0 —hC,(f’;f)) 0

hCS hely) heyyY
2,1 2,2
B=| hc®Y hc,%ég; 0
0 Ky 0

icp i acky
C=| rCwp" hCny 0
0 RCSD o

such that I,,, is m x m identity matrix and for (j,¢ = 1,2, 3) we have

1
/ Hjo (i, xp + th)Q(t)dt
0

) Z’k’: 17... R
cwr=4
/0 qu(a:m, Ty + th)Qy(t)dt 7 p=n,
k=1, ,m
1
/0 Hyraoay + )0\
i=1,-,m, =0, ,r—1,
~(5,9) —
n,p
/ Hjo(zpi, xpn + th)Q(t)dt , P
i=1,---,m, [ =0,- -1,
1 T
Vlzm - (/ Hy(zn1,xp + th)wy(x, + th)d / Hiy(z0,m, xp + th)wg(x, + th)dt)
0
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By Lemma 2.1 [26] and Theorem 1, the condition
|(H32(1’7I’)Hgl(l',l’))ng(l',l’))‘ >0, Vx € J,

ensures the invertibility of matrix A in (17). Consequently, we establish the following theorem
guaranteeing the existence and uniqueness of the multi-step collocation solution.

Theorem 2.2. solution W,,. Consequently, the collocation equation (15) on each interval €, = [z, Tp4+1](n >
r — 1) uniquely determines a multi-step collocation solution, expressed through the representations given
in (9),(10) and (11).

Algorithm

. Input the values: X, N, r, m, and s; for every ¢ from 1 to m.

. Forl=1,2,3, provide u; o, ..., u,—1 and wi(z, + th),p = 0,...,r — 2 as the starting values.

. Using Equations (12),(13), calculate the values for ;(t) and Q(t).

. Forr —1 <m < M — 1, solve the system of equations given by (17).

. For the solution obtained in the previous step, take the values W,,.

.Fori=1,2,3andr — 1 <n < M — 1, calculate the value w;(x,, + th) using the results from the
previous steps.

DNUTL b WIN =

2.3 The fully discretised collocation equations

To derive the discretized version of the linear system (16), we need to numerical integration.
For this purpose, we can use the following two general methods:

1) Newton-Cotes formulas,

2) Gaussian Quadrature.

The Newton-Cotes formulas were derived by integrating interpolating polynomials. The error
term in the interpolating polynomial of degree n involves the (n 4 1)th derivative of the function
being approximated, so a Newton-Cotes formula is exact when approximating the integral of any
polynomial of degree less than or equal to n. For one step method with the order of convergence
O(h™) we can use Newton-Cotes formulas so that it completely matches the approximate method.
But we know that this method has disadvantages, including the following:

1. Not the most efficient. For a given number of function evaluations, other methods (like
Gaussian Quadrature) can be more accurate.

2. High-order formulas can have negative weights, leading to numerical instability and round-
off error.

3. Equally spaced nodes can be a limitation, as you cannot sample adaptive points where the
function changes rapidly.

While for the multi-step method, the convergence order is high and a high-precision integra-
tion method is required. For this reason, we consider the Gaussian method in this section. Specif-
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ically, we employ Legendre-Gauss quadrature as:

1 M
| a3 sy,

Jj=0

where the Legendre Gauss quadrature points z; are the M + 1 roots of the Legendre polynomial
Phrr+1(%) and the weights w; are obtained by:

2
(1= (2)*)(Parya(2))*

w; = j=0,---, M.

Legendre-Gauss quadrature is exact when approximating the integral of any polynomial of
degree less than or equal to 2M + 1. This is the classical Gauss quadrature, which provides the
rule of exact integration of a polynomial of maximum order. For instance, we have (I,¢ = 1,2, 3)

1 M
_ 1 1 _ 1
/ Hig(xns, xp + th)Qp(t)dt = 5 E Hig(zns, xp + 5(27 + 1)h)Qk(§(zj + 1)) w;,
0 =

Si

Si _ . M . _
/ qu(,’Em',l'n + th)Qk(t)dt ~ % Z qu(CEni,CL'n + ﬁ(Zj + 1)h)Qk( 5
0

5 (zj + 1)w;.

=0
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The resulting approximations of uy, ug, us are denoted by wy, ws, w3 and are defined by

r—2 M
1 1
Wi = fi(en) + 503 (Hua(oniwy + 5 (2 + Dh)ws ey + 5 (= + Dh)
p=0 j=0
+Hia(zp, i,xp + *(zj + 1)h)ws(z, + % zj + 1)h) + Hi3(xn,, xp + l(zj + 1)h)ws(z, + %(zj + 1)h))
n—1 r—1
1 1 1 -
4 3 it 2 (DU + D+ 30+ )
p r— 11 0 =0 k 1
r—1
1 1 .
+4 Z Zng Ty Tp + (z] + 1)h)(ZQl(2(zj +1))ug p—y + ZQk 5 (2 + 1))W2,p,k)
p=r— 1] 0 =0 k: 1
r—1
1 1 4
+4 Z ZHls(xnmxp + 52+ 1)h)( (5 (2 + D)uspit + ng (2 + 1))W3,p,k)
p=r—1;j=0 =0 k: 1
M 5 r—1 s ~
+242 D Hi (@ o+ 5 (5 + 1)h)(ZQl( 5 (2 + D)ua ot + Z Qk L2+ 1))W1,n,k)
i=0 =0
JM r—1 mo_
shZH12 zn17xn+ 2(Zj+1)h)(zgl( l(zj+1))UQn_l+ZQk( l(zj+1))W2nk>
§=0 1=0 k=1
M 50 r—1 m B
SN Hyg (2, 20 + 5+ 1)h)( (5 (2 + Dugn—r + Y (5 (25 + 1))W3n,k)7
=0 1=0 k=1
r—2 M 1
Waina = F2(@n) + 5 30N (Har(@nismp + (2 + Di)wn(a, + 5(z5 + D)
p=0 j=0
+H22(mn i Tp + 3(2z + Dh)we(zp + 1(2; + DA ))
n—1 M m
—l—% Hgl(x,”,acp—i— (zj + 1)k (ZQ; (zj + 1))u1 p— ZQ zj—l—l))Wl,p, )
=r—1 j=0 k=1
pn—l jM m
—|—% ZHQQ(xnuxp+ Z]"'l (ZQZ ZJ+1 U2,p— I+ZQ ( (ZJ+1))W27P7 )
p=r—135=0 k=1
M m
+512hZH21(an,ZL’7L+ Zj+1 (ZQI ZJ+1)u1n l+27 ( (ZJ+1))W1nk)
—0 k=1
JM n
+S§h ZH22(3771 iy Ln + ZJ + 1 (ZQI ZJ + 1 )uzw”*l + ZQk( . (ZJ + 1))W2,n,k)7
j=0 k=1
r—2 M 1 1
0= f3(rn:)+ 5 ZZHgQ Tnis Tp + 2(zj + Dh)wa(z), + 5(2'] + 1)h)dt
o p= O] 0
n—1
% Z Z o(Tp iy p + z]+1 (ZQZ (zj +1))ug p— I+ZQk ZJ+1))W2,p,k)
p=r—1;=0 =
M
+sf2hZH32(xm,xn+ (zj + 1)h (ZQ; (zj + 1)h)ug p— l+ZQk Z]+1h>W2nk?>
=0

(18)
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3 Convergence analysis

3.1 One-step method

Following the analysis in [23], for the one-step collocation method on each subinterval ¢,, =
[n, Tny1)], the approximations ws , wa, w3 are polynomials of degree m — 1. These approximations
admit the representation:

l‘n+th ZLk W3nk, (21)
where
" t—5s;
i#kg=1 R T 0

Furthermore, the following Theorem from [23], establishes the convergence properties of the
one-step collocation method.

Theorem 3.1. [23] Assume that
(a) The assumptions of Theorem 2.1 are satisfied.

(b) The functions w1, we and ws represent the collocation approximations to the solutions uy, ug and ug
of system (7), as defined by equations (19), (20) and (21), respectively.

(c) For0 < sy <sg <...< sy <1, wedefine

m
H P
=1 Z
Convergence of the collocation approximations w; to the exact solutions u; of system (7) holds for all

m > 3 if and only if the stability condition |\| < 1 is satisfied. Furthermore, when this condition holds, the
approximation errors admit the following bound for sufficiently small h :

lur = wi[loe = O™ 1), |luz — walloo = O(R™), |lug — wsl|oo = O(R™?).
Furthermore, when \ = —1, the collocation method exhibits a weak instability, resulting in:
[lur — wiloo = O(R™?), |[ug — wal[ee = O(A™), ||lug — ws|se = O(R™H),

and for A = 1, we have

lur — w1loe = O(R™?), llug — sl = O™, |lus — ws[oo = O™ 7?).
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3.2 Multi-step method

Now, for the multi-step method, we investigate convergence analysis as:

Theorem 3.2. Assume that wi, we and w3 are the collocation approximations of the exact solutions wy, uo
and ug of (7) which is defined by (9), (10) and (11). Also, the order of primary error is m + r, and the
spectral radius of the matrix

D 07‘71,1 ‘ Irfl

R= , 2
Qr—l(l) ‘ QT—2(1)7~-~7QO(1) ( )

is less than 1, (p(R) < 1), then the errors satisfy:
lur = willoc = O™ 1), lug — walloe = OA™™T),  [Juz — wsloe = O™ H772). (23)

Proof. Using Peano theorem for interpolation and Lemma 4.1 [8], the exact solution of the IAEs
system (7) can be written as:

uy (zn + th) = Z_: i(t)ur (@) + Y Q(t)ur(@n ) + O(R™F), (24)
i=0 k=1

us(y, + th) = Y Q; (H)ua(zn—s) + Z Qk(t)UQ(mn’k) +O(h™*T), (25)
i=0 k=1

us(xy, + th) = Y Q; (H)us(zn—s) + Z Qi (t)uz(zp ) + O(K™FT). (26)
i=0 k=1

Let e; = w3 — wy,e2 = ug — we and ez = uz — w3, then the collocation errors have the following
representations

r—1

NE

e1(xy, +th) =

ihg

Qi(t)er(zn—i) + ) Qu(t)er(zn i) + O™, (27)

o
=
I

—

1=

|
—

T

ea(@n +th) = Qi(B)ea(wn-i) + Y Qu(t)er(wn k) + O(H™), (28)
1=0 k=1

es(zy, +th) = Y Q;(t)es(n_s) + Z Qk(t)eg(zn,k) + O(h™*T), (29)
1=0 k=1

985



K. Alawadi et al. Malaysian J. Math. Sci. 20(3): 973-999(2026) 973 - 999

where

n—1 1 Si
e1(xn) =h Z / Hii (@, xp + th)er(xp, + th)dt + h/ Hi1 (2, xn + th)er(x, + th)dt
=00 0

n—1 1 S84
h Z H12 (zn,h l'p + th)eg (ZZ?p —+ th)dt —+ h H12(xn,i7 Ip + th)EQ ([En —+ th)dt
p=0 0 0

n—1 1 S;
h Z / His ($n7i, Ty + th)eg (1‘1) + th)dt + h/ H13(1‘7L71‘, Ty + th)eg(l‘n + th)dt,
=00 0

n—1 1 Si
ea(xni) =h z / Hoi (2,4, xp + th)er(x, + th)dt + h/ Hoi (2, Tn +th)er(x, + th)dt
00 0

n—1 1 S;
h Z / H22 (xn,iv CCp —+ th)eg (l‘p —+ th)dt + h/ H22 (l‘nﬂ', In —+ th)eg (llfn —+ th)dt,
p=0 0 0

n—1 1 Si
0=hYy_ / H3o (%, 2p + th)eg(x, + th)dt + h / Hsy (L i, T + th)eg(z, + th)dt.
=00 0
(30)

We now rewrite the third equation of (30) with n replaced by n — 1 and i = m, subtract this
equation from the third equation of (30) and divide by A:

S 1
/ H32 ((En,h In + th)eg (l’n —+ th)dt = — H32 (iCn,l’m, Lpn—1 + th)62 (l’n,1 —+ th)dt
0 ¢,
n—1 1 " (31)
OH. OH.
- E / (slh%(mn, xp+th) + (1 — sm)h%(mn, xp +th) + O(h))eg(mp + th)dt.
p=0"0

By the hypothesis on the starting error (the order of primary error is m + 1) and inserting (27),
(28) and (29) into (30), (31), we have:

n—1 n
AE(Y = Y BEP+ Y  CE{)+0(n™), (32)
p=r—1 p=r—1
where W
2
2 eg{; 1 e%f)
pp = [ |- | D).
) oD
3n 3p
such that for [ = 1,2, 3, 6l(721) = (ei(xn1)y---, el(asmm))T and el(;) = (€l p—r+1,€lp—r+2;-- - el‘,p)T
Also
Ly —hCSY  —helh? —pelhY
A=| —ne@®b 1,-nc3? 0 »
0 —c&2 0
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where the matrices Cy(g,’;b) are defined in (17) and the meaning of the matrices B and C are clear.
From the proof of the Theorem 2 in [23], the inverse of the matrix A can be obtained:
0 a2 as
A7l = 0 0 as |,
azy azz2 G33

where
. Lo~@iy-1 ~ B2V-1 ~ L ~a3)-1
a2 = _E(Cn’h ) , a23 = _(Cn,;L ) , a3l = _E(Cn,h ) )
- 1 _ _
a13 = _E(Oy(ﬁhl)) ! ((Im - hcﬁ%hZ))(Cw(L%;?)) 1)7
- 1 _ -
azp = E(Cﬁf)) ! ((Im - hcﬁ}f))alz),
- 1 _ - _
s = 1 (C5) T (I = ROLDars + hOLD(CED) ™).

Pay attention to the structure of the inverse matrix A~ such that for 3, h is not present in
the denominator of the fraction. Multiplying it by both sides of the equation (32), considering

the recursion relation (4.11) from the proof of Theorem 4.2 [8] for Ez(,l) and continuing the same
process to prove the Theorem 4.2 [8], Theorem 2 [23], we can get

lur = willoo = O™ 7Y),  luz — walloe = O(A™™T),  [Jus — wslloe = O(™*"7%),  (33)
when the spectral radius of the matrix

R: Or—l,l ‘ Ir—l
Q1 (1) | Q_2(1), ..., (1), |’

isless than 1, (p(R) < 1). O

(34)

4 Numerical tests

To validate the proposed method, we present three benchmark tests evaluating both accuracy
and computational efficiency. All implementations were developed in Wolfram Mathematica 11.1
and executed on an ASUS laptop with the following specifications:

(i) Memory: 8.00 GB RAM,
(iii) Timing: All reported computational times are in seconds.

For numerical implementation parameters, we select (r, m, s1, s2) = (2,2,0.7,1), (r,m, s1, $2) =
(2,2,0.8,0.95) and (r,m, $1, s2, s3) = (1, 3, %, %, 1). The initial conditions for the numerical scheme
are determined by evaluating the known analytical solutions of the system to ensure consistency
with the theoretical framework. For r = 1,m = 3, we consider s; = 1,5, = 2 and s3 = 1 (for

r = 2,m = 2, we consider s; = 0.7 and s; = 1) such that at these points p(R) =0 < 1. Also
for the case s, < 1 withr = m = 2, we consider s; = 0.8, 52 = 0.95 such that at these points
p(R) = 0.0533 < 1. A comparative analysis of the numerical experiments(Tables 1-9, 12-20 and
23-27) demonstrates that the proposed numerical method in the previous section achieves signif-
icantly higher accuracy than the one-step collocation approach developed in [23], particularly for

smaller step sizes.
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Tables 1-9, 12-20 and 23-27 document the maximum absolute errors observed at the gridpoints
providing quantitative evidence of the method’s accuracy.

From Theorem 3.1, we know that the convergence order for us is exactly m — 2, then in Tables
3,6, 14,17 and 27, for m = 2, one-step collocation methods is not convergent. However for multi-
step method from (23), the convergence order for us is exactly m + r — 2 and then for r = m = 2,
convergence is hold. In [23], the author used Gauss points (the zeros of P,,(2s — 1) in which P,
denotes the Legendre polynomial) as collocation points. In these points for m = 2 we have A =1

and weak instability. However, in these points p(R) = 1.96 > 1 and multi-step method does not
converge. For instance, in the Example 4.1, for N = 8 with (r, m, s1, s2) = (2,2,0.7, 1), we have

[Jug — wi]]ee = 540 X 1073, |Jug — wal|eo = 3.69 x 10T, [Jug — w3||0o = 6.23 x 1072,
also for N = 16,

1 — wi]]oe = 3.02 X 1075, [|ug — wal|oe = 5.95 x 1073, ||ug — w3||eo = 8.40 x 1077,

To assess computational efficiency, we present detailed CPU time measurements for both meth-
ods in Tables 10, 11, 21, 22 and 28, providing direct comparisons of algorithmic performance.

We plot the order of convergence in Figures 1, 2 and 3. From (23), we see that for u;, the
convergence order approach to m + r — 1 = 3, for uy approach to m + r = 4 and also for us, this
order approach tom +1r —2 = 2.

Example 4.1. Consider the index-3 IAEs (7) as:

xT

uy () =f1(w)+/ox(w+y)u1(y)dy+/o (y + 1)%ua(y)dy

+/ (2 +y* + 2)us(y)dy,
0

wala) = o) + | " eV (y)dy + / "W+ Dus(y)dy,

0= fS(x) + /Ox 61+yu2(y)dyv reJ= [0’ 1]a

where

filt) =6 —t+ 12 —2e'(2 — t + ) + 2t cost — 2(1 + t) cost — (—1 + 2t + t?)sint,
fa(t) = cost — 2tcost — (—1 +t*) sint — e’ (1 + e'(— cost +sint)),
f3(t) = —1e(—1+ e'(cost +sint)),

and the exact solution is:

up(x) =sinz, wug(x) =cosz, wuz(x)=e".
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N Collocation method [23] Multi-step method
8 3.83 x 1072 1.70 x 10~*
16 2.14 x 1072 4.99 x 1075
32 1.13 x 1072 1.05 x 1072
64 5.96 x 1073 1.80 x 1076
128 3.07 x 1073 2.72 x 1077
256 1.55 x 1073 3.87 x 1078

Table 1: |Ju; — w1 |leo With (r,m, s1,52) = (2,2,0.7,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 7.67 x 1074 2.96 x 1076
16 1.93 x 1074 2.34 x 1077
32 4.86 x 1075 1.63 x 1078
64 1.21 x 107° 1.07 x 107?
128 3.04 x 1076 6.89 x 10711
256 7.62x 1077 4.67 x 10712

Table 2: |Juz — wa||loo With (r,m, s1,52) = (2,2,0.7,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 3.61 x 1071 1.10 x 102
16 4.61 x 1071 9.47 x 1073
32 5.17 x 10~1 4.93 x 1073
64 5.45 x 10™1 1.89 x 1073
128 5.59 x 101 5.99 x 10~
256 5.66 x 1071 1.74 x 1074

Table 3: ||ug — w3||oo With (r,m, s1,52) = (2,2,0.7,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 3.73 x 1072 1.23 x 1074

16 2.09 x 102 3.33x 1075

32 1.10 x 1072 6.64 x 1076

64 5.80 x 1073 1.09 x 106
128 5.80 x 1073 1.60 x 1077
256 1.51 x 1073 2.43 x 1078

Table 4: ||u1 — w1 ||oo With (7, m, s1, s2) = (2,2,0.8,0.95) in Example 4.1.

N Collocation method [23] Multi-step method
8 6.67 x 1074 2.38 x 1076

16 1.69 x 10~* 1.80 x 1077

32 4.26 x 1075 1.23 x 1078

64 1.06 x 10~° 8.00 x 10~
128 2.67 x 1076 5.10 x 10~
256 6.69 x 10~7 4.03 x 10712

Table 5: |Juz — w2 ||oo With (7, m, s1, s2) = (2,2,0.8,0.95) in Example 4.1.

Malaysian J. Math. Sci. 20(3): 973-999(2026) 973 - 999
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N Collocation method [23] Multi-step method
8 3.20 x 10! 6.50 x 1073
16 4.15 x 107! 4.96 x 1073
32 4.67 x 1071 4.37 x 1073
64 4.93 x 1071 8.52 x 10~*
128 5.06 x 1071 2.60 x 1074
256 5.15 x 107! 7.07 x 107°

Table 6: ||ug — w3||oo with (7, m, s1, s2) = (2,2,0.8,0.95) in Example 4.1.

N Collocation method [23] Multi-step method
8 1.92 x 10~* 2.07 x 1075
16 5.11 x 1075 3.32 x 1076
32 1.31 x 107° 4.69 x 107
64 3.44 x 1076 6.23 x 1078
128 8.41 x 1077 8.57 x 1079
256 2.11 x 1077 6.17 x 1079

Table 7: |lu1 — w1lleo With (r,m, s1,s2,53) = (1,3,%, 2,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 8.18 x 1076 2.46 x 1077
16 1.04 x 1076 1.57 x 1078
32 1.32x 1077 9.89 x 10710
64 1.66 x 1078 6.19 x 10711
128 2.04 x 1077 4.12 x 10712
256 2.60 x 10719 1.32 x 10712

Table 8: ||uz — wa||oo With (r,m, s1, s2,s3) = (1,3, 1, 3,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 2.47 x 1073 2.13 x 1073

16 1.36 x 1073 8.69 x 10~4

32 7.42 x 1074 2.69 x 10~*

64 3.71 x 1074 7.43 x 10~°
128 1.88 x 1074 412 x 1075
256 9.50 x 1075 1.22 x 107°

Table 9: |lus — wsl|oo With (r,m, s1,s2,53) = (1,3,%, 2,1) in Example 4.1.

N Collocation method [23] Multi-step method
8 1.54 1.96
16 2.40 3.00
32 8.43 8.83
64 31.52 32.63
128 143.82 153.57
256 565.32 575.50

Table 10: CPU time(sec) with (r, m, s1, s2) = (2,2,0.7, 1) in Example 4.1.
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N Collocation method [23] Multi-step method
8 1.64 1.95

16 3.45 4.01

32 13.01 14.83

64 50.64 52.46

128 207.07 224.51

256 877.95 934.51

Table 11: CPU time(sec) with (r, m, s1, s2, s3) = (1, 3, i, %, 1) in Example 4.1.

Order of convergence
w S
|
n n
| n
Order of convergence
w >
|
n n
| n

h

20 40 60 80 100 120 20 40 60 80 100 120
N N

Figure 1: The convergence order for multi-step method with (r,m, s1, s2,s3) =
(left). The convergence order for multi-step method with (r,m, s1, s2,s3) =
(right).

2,2,0.7,1) in Example 4.1
(2,2,0.7,1) in Example 4.2

’

Example 4.2. Consider the index-3 IAEs (7) as:

wle) = ilo) + [ " ey, (y)dy + / "0 + us(y)dy

+ /0 (z+ 2 + Dus(y)dy,

us(z) = fole) + / "y (y)dy + / (@4 us(y)dy,

0= fs(z)+ /Ox(;v2 +1)%us(y)dy, x e J=10,1],

where
fi(t) = et — 2e@V2 — L(4 4 %) log(1 + t2) + L(—2t cos 2t — (7 + 2t + 2t%) sin 2¢),
folt) = e+ (L4 et (=14 1)) + gy — $(1+ 1) log(1 + ¢2),
f3(t) = —3(1 4 t2)?log(1 + t2),

and the exact solution is:
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Figure 2: The convergence order for multi-step method with (r,m, s1, s2, s3) = (2,2,0.8,0.95) in Example 4.1
(left). The convergence order for multi-step method with (r,m, s1, s2, s3) = (2,2,0.8,0.95) in Example 4.2
(right).
6 6,
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Figure 3: The convergence order for multi-step method with (r, m, s1, s2,s3) = (1,3, i, %, 1) in Example 4.1
(left). The convergence order for multi-step method with (r,m, s1, s2,s3) = (1,3, i, %, 1) in Example 4.2

(right).

Example 4.3. Consider the IAEs of index-3 as:

SU(x) = F(z) + / " H(z,y)U)dy.
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Collocation method [23]

Multi-step method

16
32
64
128
256

2.00 x 1072
1.09 x 1072
5.65 x 1073
2.88 x 1073
1.45 x 1073
7.29 x 1074

223 x 1073
6.51 x 1074
1.19 x 10~*
1.73 x 107°
2.28 x 1076
2.90 x 1077

Table 12: [[u; — w1 |0 With (r,m, s1,52) = (2,2,0.7, 1) in Example 4.2.

N

Collocation method [23]

Multi-step method

8
16
32
64

128
256

1.12 x 103
2.87 x 1074
7.10 x 10~°
1.77 x 107°
4.44 x 1076
1.11 x 106

411 x 1075
4.26 x 106
3.18 x 1077
2.12 x 1078
1.35 x 1079
8.48 x 10~ 11

Table 13: [[ug — w2l With (r,m, s1,s2) = (2,2,0.7, 1) in Example 4.2.

N

Collocation method [23]

Multi-step method

8
16
32
64

128
256

6.72 x 1072
9.45 x 10~2
1.07 x 10~1
1.13 x 1071
1.17 x 1071
1.18 x 107!

8.43 x 1072
6.38 x 1072
2.74 x 1072
8.70 x 1073
2.37 x 1073
6.11 x 1074

Table 14: [[uz — w3l With (r,m, s1,s2) = (2,2,0.7, 1) in Example 4.2.

N

Collocation method [23]

Multi-step method

8
16
32
64

128
256

1.98 x 102
1.07 x 102
5.53 x 1073
2.81 x 1073
1.41 x 1073
712 x 1074

1.62 x 103
4.31 x 1074
7.26 x 10~°
1.00 x 10~°
1.30 x 106
1.64 x 1077

Table 15: ||[u1 — w1 ||oo With (7, m, s1,s2) = (2,2,0.8,0.95) in Example 4.2.

N

Collocation method [23]

Multi-step method

8
16
32
64

128
256

9.85 x 1074
2.49 x 1074
6.23 x 10~°
1.59 x 1073
3.90 x 1076
9.57 x 1077

3.55 x 107°
3.36 x 1076
2.42 x 1077
1.57 x 10~8
9.97 x 10710
6.25 x 10~ 11

Table 16: ||uz — wzl|o With (7, m, s1,s2) = (2,2,0.8,0.95) in Example 4.2.

Malaysian J. Math. Sci. 20(3): 973-999(2026) 973 - 999
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N Collocation method [23] Multi-step method
8 5.92 x 102 4.86 x 1072

16 8.44 x 1072 3.27 x 1072

32 9.72 x 1072 1.26 x 1072

64 1.03 x 1071 3.75 x 1073
128 1.06 x 1071 9.93 x 104
256 1.07 x 1071 2.53 x 1074

Table 17: |jug — ws||co With (7, m, s1, s2) = (2,2, 0.8,0.95) in Example 4.2.

N Collocation method [23] Multi-step method
8 2.58 x 1073 2.06 x 10~

16 6.87 x 1074 1.62 x 10~°

32 1.74 x 10~4 1.200 x 1076
64 2.38 x 1075 9.74 x 10~8
128 1.09 x 107° 1.20 x 108
256 2.74 x 10~6 2.12 x 1079

Table 18: ||u1 — w1leo With (r,m, s1, s2,53) = (1,3,%, 2,1) in Example 4.2.

N Collocation method [23] Multi-step method
8 5.72 x 1075 4.46 x 10~

16 7.50 x 1076 2.08 x 1077

32 9.49 x 1077 1.21 x 1078

64 1.19 x 1077 7.56 x 1010
128 1.48 x 1078 4.72 x 10711
256 1.84 x 1079 3.04 x 10712

Table 19: |luz — w2l with (r,m, s1, s2,83) = (1,3, 1, %, 1) in Example 4.2.

N Collocation method [23] Multi-step method
8 2.53 x 102 1.04 x 102

16 1.40 x 1072 1.85 x 1073

32 7.30 x 1073 2.68 x 1074

64 2.70 x 1073 3.52 x 10~°
128 1.86 x 1073 5.52 x 1076
256 9.35 x 1074 3.81 x 1076

Table 20: |lus — wsl|co With (r,m, s1, s2,53) = (1,3, %, 2,1) in Example 4.2.

N Collocation method [23] Multi-step method
8 1.48 1.83
16 3.09 3.25
32 8.24 8.89
64 31.73 32.00
128 138.47 143.51
256 548.39 589.86

Table 21: CPU time(sec) with (r, m, s1, s2) = (2,2,0.7, 1) in Example 4.2.
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N Collocation method [23] Multi-step method
8 1.79 1.85
16 3.93 4.11
32 12.70 12.71
64 46.46 47.46
128 187.96 194.84
256 739.21 761.51
Table 22: CPU time(sec) with (r, m, s1, sz, s3) = (1,3, §, 3, 1) in Example 4.2.
1 0 0 0 O
01000 Hyy(z,y) Hua(z,y) His(z,y)
whereS=1 0 0 1 0 0 |,H(z,y)=| Hoa(z,y) Hal(z,y) 0251 , such that
O O 0 1 0 leg Hgg(l‘,y) O
0 00 0O
ey 2?4y 2?2 +4 sin(z + y)
Hy (,y) = ( Tty 24+ 3z ) Hiz(z,y) = cos(z+1) y*+a22+2
| z+yP+4 _ e 1 ot 4+ 9% +1
Hisz(w,y) = < 22 144 Ho(z,y) = < (@+42+1 (y+z+1)?
r+1 y+at+2
H22(x=y):(€:c+4 y4+I+2)’ H32(x,y):((x2+1)2, y6+5€4+4)7

Ue) = ( ui(@), us(e), us (@), ua(e), us(z) )",

and F such that the exact solution is:

ui(z) =e

Malaysian J. Math. Sci. 20(3): 973-999(2026) 973 - 999

) UQ(J:) = Cos 7z, U3(x)

)

F(t) = ( fi(@), fo(2), fa(2), fa(@), fs(z) )T,

1

:7,1/6
22+1 !

N

Collocation method [23]

Multi-step method

8
16
32
64

128
256

1.09 x 101
2.90 x 1072
7.67 x 1073
2.05 x 1073
5.74 x 1074
1.73 x 104

2.55 x 1073
2.13 x 1074
1.56 x 10~°
1.06 x 106
1.02 x 1077
6.59 x 1078

Table 23: ||u1 — w1 ||eo With (7, m, s1,52) = (2,2,0.7, 1) in Example 4.3.

(z) = sinhz, us(t) = cosh(2x).
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N Collocation method [23] Multi-step method
8 6.76 x 1072 2.20 x 1073
16 1.83 x 1072 2.00 x 10~4
32 4.95 x 1073 1.53 x 107°
64 1.36 x 1073 1.04 x 10~
128 3.95 x 107* 9.99 x 1078
256 1.25 x 1074 5.88 x 1078
Table 24: ||uz — wal|o With (7, m, s1,s2) = (2,2,0.7, 1) in Example 4.3.
N Collocation method [23] Multi-step method
8 1.06 x 1072 2.46 x 1075
16 2.83 x 1073 1.26 x 106
32 7.23 x 1074 4.46 x 1078
64 1.82 x 1074 8.87 x 1010
128 4.57 x 1075 3.21 x 10710
256 1.14 x 107° 9.89 x 10~ 11
Table 25: ||uz — wal|o With (7, m, s1,s2) = (2,2,0.7, 1) in Example 4.3.
N Collocation method [23] Multi-step method
8 1.44 x 1072 1.48 x 10>
16 3.65 x 1073 6.91 x 107
32 9.23 x 1074 6.85 x 1078
64 2.24 x 1074 5.39 x 1079
128 5.58 x 107 5.75 x 1019
256 1.38 x 1075 3.99 x 10719
Table 26: ||ug — wal| oo With (7, m, s1,s2) = (2,2,0.7, 1) in Example 4.3.
N Collocation method [23] Multi-step method
8 1.04 x 10° 7.62 x 1072
16 5.57 x 1071 1.69 x 102
32 6.91 x 1071 2.77 x 1073
64 7.51 x 1071 4.10 x 1074
128 7.99 x 1071 1.09 x 1074
256 8.37 x 107! 9.80 x 10~°
Table 27: ||us — wsl| o With (7, m, s1,s2) = (2,2,0.7, 1) in Example 4.3.
N Collocation method [23] Multi-step method
8 1.93 2.56
16 7.43 8.00
32 27.06 29.13
64 133.29 142.63
128 559.90 565.52
256 1773.80 1779.20

Table 28: CPU time(sec) with (r,m, s1, s2) = (2,2,0.7, 1) in Example 4.3.
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5 Conclusion

Our analysis demonstrates that the proposed multi-step numerical method constitutes a robust
and accurate computational framework to solve index-3 IAEs. The numerical experiments con-
ducted on representative test problems confirm strong alignment between theoretical predictions
and practical implementations, validating the method’s reliability. Benchmark tests (Examples
4.1, 4.2 and 4.3) verify:

i Expected convergence rates,
ii Consistency with theoretical error bounds.
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